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Place Croix du Sud 1, 1348 Louvain-la-Neuve, Belgium

Understanding the dynamics of magnetic vortices emerged as an important challenge regarding the
recent development of spin-torque vortex oscillators. Either micromagnetic simulations or analytical
Thiele equation approach are typically used to study such system theoretically. This work focuses
on the precise description of the restoring forces, due to the different energy terms, exerted on
the vortex when it is displaced from equilibrium. In particular, the stiffness parameters related to
a modification of the potential magnetic energy terms are investigated. An innovative method is
proposed to extract exchange, magnetostatic and Zeeman stiffness expressions from micromagnetic
simulations. These expressions, valid up to a never reached before vortex core position, are compared
to state-of-the-art analytical results. Furthermore, it is shown that the stiffness parameters depend
not only on the vortex core position but also on the injected current density. This phenomenon is
not predicted by commonly used analytical ansätze. We foresee that these findings may arise from
a deformation of the theoretical magnetic topology caused by the current induced Ampère-Oersted
field.

I. INTRODUCTION

Magnetic vortices are one of the encountered magnetic
ground states in soft ferromagnets of reduced dimensions.
This non-uniform topology is characterized by curling in-
plane spins swirling around a small area called the vor-
tex core, where the magnetization points out-of-plane.
Such distribution results from a favorable trade-off be-
tween exchange and magnetostatic energies, arising for a
wide range of nanodot aspect ratios.1 Two main topolog-
ical parameters are typically used to describe a vortex,2

namely the chirality C and the polarity P . On the one
hand, the chirality indicates whether the in-plane mag-
netization curls clockwise (C = −1) or counterclockwise
(C = +1). On the other hand, the polarity informs on
the direction of the out-of-plane vortex core profile, which
either points upwards (P = +1) or downwards (P = −1).
Due to their great stability, vortices have rapidly gained
a lot of attention for prospective applications, notably
when combined with spintronics.

Indeed, concomitantly to the advances in vortex dy-
namics understanding were investigated the first spin-
torque nano-oscillators.3–6 This type of device, based on
a magnetic tunnel junction structure, allows to inject a
spin-polarized current into a free ferromagnetic layer. As
a spin-transfer torque is exerted on its magnetization by
conservation of angular momentum, it allows to act on
the direction of its mean magnetic moment. By magne-
toresistance effects, an alternating signal may thus be re-
trieved when injecting a constant current into these cylin-
drical heterostructure. This makes it one of the smallest
dc to ac converter. As noted above, it may happen that,
for some geometries, the free layer presents a vortex as its
magnetic ground state. This led to the development of
what are called spin-torque vortex oscillators7 (STVOs).
In the absence of any external excitation, the vortex core
is situated at the center of the nanodot. However, if a suf-
ficient input current is applied to the heterostructure and

providing conditions on vortex topological parameters,8

steady-state fluctuations of magnetization may occur.
These oscillations, usually in the hundreds of MHz range,
are caused by a shift of the moving vortex core towards
a nonzero orbit of precession. For very large excitation,
the off-centered vortex may even be expelled from the
nanodot which can result in a damping due to a polarity
switch9–12 or more exotic magnetic states.13,14 Besides
good stability, STVOs present many advantages,7 e.g.,
low noise sensibility, no external field required, narrow
bandwidth and wide frequency tunability, which made
them a tool of choice for radiofrequency13 or artificial
intelligence applications.15,16

As STVOs started to gain interest, theoretical stud-
ies on vortex dynamics became crucial to capture and
predict device properties such as the frequency or emit-
ted power. Micromagnetic simulations and the so-called
Thiele equation17,18 framework are typically used to ex-
amine such systems. Among all aspects of vortex dy-
namics, the description of restoring forces associated
to a displacement of the vortex core from its equilib-
rium position has been a particularly rich research topic.
Stiffness parameters, associated to each potential mag-
netic energy terms, are commonly defined to character-
ize the recalling force as it would be done for classi-
cal springs. These spring-like parameters have been ex-
tensively studied analytically.2,8,12,19 However very few
groups have been able to retrieve them from micromag-
netic simulations.20–22 In this work, expressions valid up
to large vortex core position value will be extracted from
simulations using an innovative method. We will then
compare them to most convincing analytical works from
the literature.
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II. METHODS

The Thiele equation approach (TEA) is usually used to
describe analytically the dynamics of magnetic vortices
confined in the free layer of magnetic tunnel junctions.
This theoretical framework allows to predict the vortex
core in-plane position X = (X,Y ) by looking at the sum
of forces acting on it. The core is thus seen as a quasi-
particle representative of any modification of the global
magnetic distribution. At equilibrium, the most general
way to express this system2 is given as

FM + FG + FD = FR + Fext, (1)

where FM is an inertial mass term, FG is the gyrotropic
force related to the dominant excitation mode of the vor-
tex at low frequency, FD is a Gilbert dissipation term,
FR are the restoring forces and Fext represents any addi-
tional external forces. For an isolated STVO, the latter
are mainly related to spin-transfer torques.23,24

Any displacement of the vortex core from its original
ground state is associated to a modification of the po-
tential magnetic energy W . By analogy to simple har-
monic motions, one can define a stiffness k to the system.
Keeping all generality, this spring-like parameter is not
constant but depends on the degree of deformation, i.e.,
the vortex core position here. Knowing its value allows
to calculate the restoring force appearing in Eq. (1) as

FR =
∂W

∂X
= kX. (2)

Neglecting magnetocrystalline anisotropy and any ex-
ternal magnetic field, the potential magnetic energy W
is composed of three terms, namely the exchange W ex,
magnetostatic Wms and Zeeman WZ (= WOe) energies,
the latter being thus only associated to the current in-
duced Ampère-Oersted field (AOF). Based on these hy-
potheses, the total energy W can be calculated as12,25

W =

∫
V

(
A

2
(∇m)2 − 1

2
M ·Hms −M ·HOe

)
dV, (3)

where V is the volume of the magnetic dot, m = M/Ms

is the normalized magnetization, with Ms the saturation
magnetization, A is the exchange stiffness coefficient and
Hms and HOe are the magnetostatic and AO fields, re-
spectively.

To proceed to further calculations from Eq. (3), a
mathematical description of the magnetization distribu-
tion for a vortex state in circular nanopillars of radius R
is required. The most dominant theoretical framework
that emerged in the literature, developed by Guslienko
et al.,26,27 is the so-called two vortex ansatz (TVA).
This model relies on the combination of two off-centered
rigid vortices with cores situated in X = (ρ, ϕ) and
XI = (R2/ρ, ϕ), in polar coordinates. Contrary to former
descriptions, it presents the advantage of meeting Dirich-
let boundary conditions, i.e., no net magnetic charge at

the surface edge of the dot. Following TVA, the magneti-
zation at any point r in the nanodot can be characterized
by a planar angle φ and core profile angle Θ. Those are
given as{

φ = arg(r−X) + arg(r−XI)− ϕ+ C π
2

Θ = arccos(Pfz(||r−X||))
(4)

where fz is a function describing the vortex core profile.
Various propositions of bell-shaped curves have been re-
ported in previous works.12,28,29 Straightforwardly, one
can express the three spatial components of the magne-
tization m using these angles as

m =

mx

my

mz

 =

cosφ sin Θ
sinφ sin Θ

cos Θ

 . (5)

Using TVA and Eq. (3), developments have been under-
taken in the past two decades to obtain expressions of the
stiffness parameters kex, kms and kOe, related to each en-
ergy component. The ones valid up to the largest value
of the reduced orbit radius s = ||X||/R from all available
in the literature are listed hereafter.

Gaididei et al.12 obtained the following expression for
the exchange contribution, based on developments from
Guslienko et al.,19

kex = (2π)2hM2
s

(
lex
R

)2
1

1− s2
, (6)

where lex =
√
A/(2πM2

s ) is the exchange length of the
material and h is the thickness of the free layer. Con-
cerning the magnetostatic term, we recently solved8 the
expression of the energy Wms proposed by Gaididei et
al.,12 which led to

kms
ξ =

8M2
s h

2

R
Λ0,ξ

(
1 + aξs

2 + bξs
4 + cξs

6
)

(7)

where Λ0,ξ, aξ, bξ and cξ are coefficients that can be cal-
culated numerically for each value of the nanodot aspect
ratio ξ = h/(2R). Finally, we developed in the same
study8 an expression for the contribution associated to
the AOF, κOe = kOe/(CJ), with J being the current
density imposed. It is expressed as

κOe =
8π2

75
MsRh

(
1− 4

7
s2 − 1

7
s4 − 16

231
s6 − 125

3003
s8
)
.

(8)
In addition to these analytical works, micromagnetic

simulations (MMS) have been extensively used to investi-
gate STVO dynamics. Those rely on the resolution of the
Landau-Lifshiftz-Gilbert-Slonczewski23,30,31 equation to
predict numerically the properties of magnetic systems
of reduced dimensions. Despite the fact that TEA de-
rives from the LLGS formalism, the latter is based on the
use of an effective magnetic field rather than on spring-
like constants. Consequently, there is no direct access to
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stiffness parameters from micromagnetism. However, as
the orbit radius s and the energy components are avail-
able within most solvers, one may still extract them by
following the procedure described herebelow. As a first
step, the energy must be fitted by a chosen expression, as
a function of the vortex core position. Then, these func-
tions must be derived according to Eq. (2) to find the
corresponding stiffness parameter. This strategy has al-
ready been successfully applied in previous studies,20–22

although for a limited s-span.

In our case, the GPU-based solver mumax3 is used to
perform micromagnetic simulations.32 A magnetic tun-
nel junction presenting a free layer of radius R = 100 nm
and thickness h = 10 nm is studied. The latter is dis-
cretized into cells of dimensions 2.5×2.5×5 nm3. Typical
material parameters for permalloy are used. The satura-
tion magnetization and exchange stiffness coefficient are
Ms = 800 emu/cm3 and A = 1.07 · 10−6 erg/cm, re-
spectively. The Gilbert damping constant αG is fixed
at 0.01 and the spin-current polarization pJ at 0.2. A
polarizer presenting a perpendicular direction of magne-
tization p = (px, py, pz) = (0, 0, 1) is used. The vortex
polarity is chosen to be P = −1. Current densities of 2,
4, 6 MA/cm2 are imposed into the oscillator, in the pos-
itive z-direction which allows to respect one of the two
necessary conditions for steady-state precessions8 (i.e.,
JPpz < 0). The second criterion is to inject a current
exceeding the first critical current density Jc1. When
J < Jc1, simulations are initiated with a vortex core
translated to s = 0.9 and left damping back to the cen-
ter of the dot, i.e., s = 0. For J > Jc1 however, two
simulations are required to explore the whole range of s
for a given current, as the steady-state orbit is different
from zero. Each time, the first one is started at s = 10−4

and the second one at s = 0.9. Both are stopped at
steady-state. The influence of temperature is not taken
into account in this study. In addition, three different
situations are explored, depending on the relative orien-
tation between the in-plane curling magnetization and
the AOF. A first set of simulations is performed with-
out considering HOe, then a set with HOe parallel to the
curling magnetization, i.e., C = +1, and finally a set
with HOe antiparallel to the curling magnetization, i.e.,
C = −1. Those are labelled below in this manuscript as
noOF, C+ and C−, respectively. The vortex core posi-
tion s as well as the energy components W ex, Wms and
WOe are internally computed by mumax3 between each
timestep.

The arbitrarily chosen functions for fitting the energy
components are even power polynomials of 10th order,
preceded by a pre-factor dependent on material and ge-

ometrical parameters. They have the following form

W ex = −πhA
5∑
i=0

wex
i s

2i, (9)

Wms = 4M2
s h

2R

5∑
i=0

wms
i s2i, (10)

WOe = −π
5
CJMsR

3h

5∑
i=0

wOe
i s2i. (11)

Nonlinear least square fits are performed for s ∈ [5 ·
10−4, 0.7], the upper value being close to the limit of vor-
tex stability.8 Using an adapted version of Eq. (2), i.e.,
k = (∂W/∂s)/(sR2), one can easily derive the expres-
sions of the spring-like stiffness parameters, given as

kex = −πhA
R2

5∑
i=1

(2i)wex
i s

2(i−1), (12)

kms =
4M2

s h
2

R

5∑
i=1

(2i)wms
i s2(i−1), (13)

κOe = −π
5
MsRh

5∑
i=1

(2i)wOe
i s2(i−1). (14)

Let us add that a pre-treatment on micromagnetic re-
sults is used before fitting. It consists in ignoring data
points too densely packed, followed by an interpolation
of the remaining values. It ensures a more homogeneous
distribution of the data along the vortex core position
axis.

III. RESULTS & DISCUSSION

Micromagnetic results are compared to the analytical
expressions presented previously (see Eq. (6), (7) & (8)).
The evolution of the restoring parameters kex, kms and
κOe with respect to the vortex core position is depicted
on Figs. 1, 2 & 3, respectively. Let us start with general
observations valid for the three energies. A slight dis-
agreement is noticed between micromagnetism and TEA,
even when the vortex core is at the center of the nanodot.
These discrepancies could originate from two main hy-
potheses performed during TEA calculations. Firstly, the
out-of-plane magnetization component mz is neglected
for each derivation,8,12 due to the small area occupied by
the vortex core. This simplification, necessary to obtain
fully analytical expressions, is applicable as a prelimi-
nary approximation. However, even if the vortex core
profile contribution is small, it is still different from zero.
This is especially true for nanopillars of reduced radius,
where the vortex core occupies a non-negligible surface
inside the free layer. Secondly, the magnetization m is
considered constant along the dot thickness. Even if ap-
propriate for nanodots presenting a thickness of the or-
der of the exchange length,1,2,10 this assumption is not
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perfectly verified in micromagnetic simulations. In addi-
tion, supplementary deviations arise for an off-centered
moving vortex core, explaining partly the TEA imperfect
modeling when s evolves. Indeed within TVA, the vortex
core is simply translated to a greater orbit, while keep-
ing its original shape. Various groups11,20,22 have already
shown the limitations of such theoretical framework to
model accurately dynamic vortices. It is also well-known
that a vortex core approaching the dot edge see a growing
trail of opposite magnetization appearing next to it.10,12

Such dip, later responsible for the nucleation of a vortex
of reversed polarity, surely induces energy changes not
perceived within TEA.

Furthermore, a current induced splitting of the stiff-
ness parameters can be observed, as already reported by
Choi et al..21 For increasing currents, the C− and C+

curves move further apart from the noOe case. This be-
havior is not predicted at all by TEA calculations. We
postulate that these findings result from a modification
of the spin distribution m by the AOF. Spins would be
titled under its influence, deviating thus from the theoret-
ical TVA magnetization. This distortion would increase
near the dot edges as the AOF amplitude depends lin-
early on the radial coordinate r inside the free layer. This
conclusion is supported by the fact that, in the noOe con-
figuration, the stiffness is independent from the current
value. Moreover, the splitting increases with the current
density as the AOF amplitude is proportional to the lat-
ter. After these preliminary observations, let us now look
at each of the confinement contributions in more detail.

The TEA exchange stiffness parameter kex is the term
presenting the most imprecise description compared to
the simulated behavior (see Fig. 1). At low s, the an-
alytical value underestimates all MMS. The predicted
evolution is satisfying for a slightly off-centered vortex
but diverges12,19 to infinity for s → 1, as expected from
Eq. (6). This does not reflect the behavior extracted from
simulations as a maximum seems to appear at s ≈ 0.7 (at
least for C− and noOe), followed by a decrease of the kex

value. Moreover, a very large impact of the AOF is no-
ticed. For a centered vortex core and J = 6 MA/cm2, the
exchange stiffness in C+ configuration is 18% larger than
the curve of opposite chirality. This value grows up to
31% at s = 0.7. Such considerable influence is linked to
the fact that the gradient of magnetization ∇m appears
in the exchange energy formula, as shown in Eq. (3). Any
slight deviation in spin directions appearing in simula-
tions with AOF has thus a major impact on the stiffness
results compared to calculations using the unaffected the-
oretical distribution.

As expected the magnetostatic confinement (see Fig. 2)
dominates largely both other terms,2,33 at least for the
range of currents explored. For dots with wider radius,
or at very large current density, the AOF stiffness pa-
rameter kOe should gain relative importance. The an-
alytical expression of kms overestimates the value ex-
tracted from simulations (for the noOe case) by 10% at
s = 0. This result is consistent with the overvaluation

0.0 0.2 0.4 0.6
Vortex core position s [/]

0.07

0.08

0.09

0.10
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0.12

0.13

kex
 [g

/s
2 ]

MMS | C +

MMS | noOe
MMS | C
Analytics

FIG. 1. Exchange stiffness parameter kex as a function of the
vortex core position s. The analytical expression (black line,
see Eq. (6)) is compared to micromagnetic simulation (MMS)
results (color lines, see Eq. (12)). The colours green, red and
blue correspond to simulations without AOF (noOF), with
AOF and C = +1 (C+) and with AOF and C = −1 (C−).
The applied current densities Jdc were 2, 4 and 6 MA/cm2,
from lighter to darker on the figure. MMS results were ob-
tained after performing a nonlinear least squares fit on the
exchange energy (see Eq. (9) & (12)).

of the first critical current Jc1 and eigenfrequency ω0 ob-
served in our previous study8 when using TEA, as Jc1
and ω0 ∝ kms(s = 0). As depicted in Fig. 2, the mag-
netostatic confinement constantly increases as the core
moves towards the edge, for both methods. Though the
growth is limited, as kms is only 15% greater at s = 0.7
compared to the centered vortex case (for noOe). The
analytical function models well the simulated evolution
of kms with respect to s for low vortex displacement. For
greater s values however, discrepancies are observed be-
tween methods. This difference is partly explained by
the moderately high-order polynomial used in Eq. (7).
The AOF seems to have a limited impact on the magne-
tostatic energy, all curves being close to the noOe config-
uration.

The analytical expression of κOe underestimates simu-
lation results (see Fig. 3), for both C+ and C−. However
the predicted behavior describes finely its evolution on
the whole s range. It may be due to the higher order
polynomial used in Eq. (8). More fundamentally, the
AOF does not present any out-of-plane component as it
appears in a plane perpendicular to the current direction,
if edge effects are neglected.8 Following Eq. (3), the out-
of-plane vortex magnetization mz has thus no impact on
the Zeeman energy. Nevertheless, constantly decreasing
curves are obtained, κOe being 40% greater for a centered
vortex than in s = 0.7. In addition, a non-negligible im-
pact of the AOF is again perceived on its own stiffness
parameters κOe, in the simulations. This result was ex-
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FIG. 2. Magnetostatic stiffness parameter kms as a function of
the vortex core position s. The analytical expression (black
line, see Eq. (7)) is compared to micromagnetic simulation
(MMS) results (color lines, see Eq. (13)). The colours green,
red and blue correspond to simulations without AOF (noOF),
with AOF and C = +1 (C+) and with AOF and C = −1
(C−). The applied current densities Jdc were 2, 4 and 6
MA/cm2, from lighter to darker on the figure. MMS results
were obtained after performing a nonlinear least squares fit
on the magnetostatic energy (see Eq. (10) & (13)).

pected, as we suspect a modification of the magnetization
distribution M appearing in Eq. (3). The splitting stays
roughly constant in amplitude, irrespective of the vortex
core position.

To put these results into perspective, we believe that
our restoring parameter expressions could be integrated
into existing TEA models, to replace analytical expres-
sions. Following such a data-driven approach, i.e., de-
riving kex, kms and κOe from limited set of micromag-
netic simulations, one could obtain more reliable results
from TEA compared to micromagnetism and, by exten-
sion, to experimental results. The downside being that
these parameters would only be valid for a given geome-
try and material parameters. Moreover to obtain expres-
sions valid for a continuous range of currents, one should
proceed to an interpolation between a few curves selected
cleverly, as the splitting increases with J . Nevertheless,
this constitutes a promising solution for a more accurate
analytical model describing STVOs.

IV. CONCLUSION

Restoring forces appearing in off-centered magnetic
vortex state were examined theoretically. Exchange,
magnetostatic and Zeeman stiffness parameters were ob-
tained from simulations and compared to state-of-the-art
analytical expressions. To do so, the energy components

were directly extracted from mumax3, then fitted to high-

0.0 0.2 0.4 0.6
Vortex core position s [/]

6.0

6.5

7.0

7.5

8.0

8.5

9.0

O
e  [

10
9 g

cm
2 /(

A
s2 )

]

MMS | C +

MMS | C
Analytics

FIG. 3. Ampère-Oersted field (Zeeman-like) stiffness parame-
ter κOe as a function of the vortex core position s. The analyt-
ical expression (black line, see Eq. (8)) is compared to micro-
magnetic simulation (MMS) results (color lines, see Eq. (14)).
The colours red and blue correspond to simulations with AOF
and C = +1 (C+) and with AOF and C = −1 (C−). The
applied current densities Jdc were 2, 4 and 6 MA/cm2, from
lighter to darker on the figure. MMS results were obtained
after performing a nonlinear least squares fit on the Zeeman
magnetic energy (see Eq. (11) & (14)).

order polynomials. The derivatives of these functions
allowed to calculate stiffness parameters, analogously to
what is done for classical springs under deformation. Dis-
crepancies between Thiele equation approach results and
micromagnetism were observed for each term, such as
shifts of the curves and disagreeing behavior for large
core position value. More importantly, a chirality depen-
dent splitting was observed in the stiffness value, with a
deviation depending on the input current intensity. We
postulate that this phenomenon is the result of a mod-
ification of the spin distribution caused by the current
induced Ampère-Oersted field. This hypothesis is sup-
ported by the fact that the stiffness was independent of
the current imposed when the AOF was not taken into
account. Finally, we believe that the expressions we de-
ducted from simulations could be implemented into exist-
ing STVO models to better render experimental results.
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